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Abstract 

We prove that SU(n) (n > 3) and Sp(n)U(l) (n > 2) are the only connected Lie 
groups acting transitively and effectively on some sphere which can be weak holonomy 
groups of a Riemannian manifold without having to contain its holonomy group. In 
both cases the manifold is Kahler. 
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1 Introduction 

Let M be a Riemannian manifold and p be a fixed point in M. Recall that the holonomy 
group Hol(p) at p is the group consisting of all parallel translations r 7 along piecewise 
differentiable loops 7 based at p. The restricted holonomy group Hol°(p) is the identity 
component of Hol(p) and consists of those r 7 for which 7 is homotopic to 0. 

In 1955 M. Berger [2] found the finite list of the possible restricted holonomy groups 
of the Riemannian manifolds which are neither locally reducible nor locally symmetric. 
Later Simons ^H] gave another proof of this result by showing that the hypothesis that 
the manifold is locally irreducible and not locally symmetric implies that Hol{p) acts 
transitively on the unit sphere in the tangent space T p M. The list of connected Lie groups 
acting effectively and transitively on some sphere is [131 |3] 

(1.1) SO(n), U{n),SU(n),Sp(n),Sp(n)U(l), Sp(n)Sp(l),G 2 , Spin(7), Spin(9). 



For each of these groups its representation on T p M is isomorphic to its standard represen- 
tation: R n for SO(n), R 2n C n for U(n) and SU(n), R 4n ^ IFF for Sp(n), Sp{n)U{l) and 
Sp(n)Sp(l), M 7 for G2, M 8 for Spin(7), M 16 for Spin(9). Now it is an easy observation that 
Sp(n)U{l) cannot be a (restricted) holonomy group and so one obtains Berger's list. It 
was proved later that Hol°(p) = Spin(9) implies that the Riemannian manifold is locally 
symmetric p] Ej and that the other groups indeed appear as restricted holonomy groups 
of non locally symmetric spaces (see e.g. [HI 171 IT2]L 
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It is well known that the Lie algebra of the holonomy group is determined by the 
curvature. Thus, if Hol°(p) ^ SO(n), the curvature tensor will have additional properties. 
Motivated by the search for weaker conditions which will imply that the curvature satisfies 
some additional identities, A. Gray introduced in 1971 the notion of weak holonomy group 
|llj . To define it one needs the auxiliary notion of special subspace for a group. We will 
give two definitions. 

Definition 1.1 Let T be a real representation of the group G. A subspace P C T is 
called special if the following conditions are satisfied: 

(i) There exists a proper subspace P' C P such that g\p is determined by g\pi for all 

(ii) IfP'cPC P" and g\ P „ is determined by g\ P > for all g G G, then P" = P. 

We call P' a generating subspace for the special subspace P. 
Let us give some examples of special subspaces. 

1) For the standard representation of SO(n) on W 1 the only special subspace is P = M. n 
and each (n — l)-dimensional subspace P' is a generating subspace. 

2) For the standard representation of U (n) on IR 2 ™ = C n the subspaces P = span{x, Ix} 
are special (I is the U (n)-invariant complex structure) and P' = span{x} is a generating 
subspace for P. 

3) Consider the standard representation of G2 on M 7 . Let $ : I 7 x I' — > M 7 be the 
(^-invariant vector cross product 9 . Then each 2-dimensional subspace P' = span{x,y} 
generates a special subspace P = span{x, y, $(x, y)}. 

In these three examples the dimension of the special subspaces is minimal. 

Definition 1.2 Let T be a real representation of the group G. A subspace P C T is 
called special if the following conditions are satisfied: 

(i) There exists a proper subspace P' C P such that g(P) is determined by g(P') for 
all g £ G. 

(ii) If P' CP"CP and g(P") is determined by g(P') for all g G G, then P" = P. 

Again we call P' a generating subspace for the special subspace P. The above three 
examples are also examples of special subspaces according to Definition 11.21 which have 
minimal dimension. 

The reason we give two different (and clearly non-equivalent in general) definitions of 
special subspaces is the following. In the original paper of A. Gray the definition of a 
special subspace is as Definition 1 1 . 1 1 but in (ii) the restrictions g\p" and g\pi are replaced 
by the images g(P") and g(P') respectively. In jS] the restrictions are replaced by images 
in both (i) and (ii). It is clear that there are typographical errors in these definitions since 
in this form they are useless: the only special subspace would be the whole space T. The 
most straightforward correction is Definition 11.11 and this is also the definition used by 
L. Schwachhofer in I n Definition 11.21 we assume that A. Gray meant indeed images 
instead of restrictions but in (ii) P" and P were misplaced. 

Let G be a connected Lie subgroup of SO(n) and Pq be a reduction of the structure 
group 0(n) of M to G, i.e., Pq is a principal G-bundle over M which is a subbundle of 
the bundle of orthonormal frames. Each element u £ Pq defines an isometry between M n 
and T p M, where p is the projection of u. Fixing such a u allows us to consider G as a 
subgroup of SO (T p M) and also Hol(p) as a subgroup of SO(n). 
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Definition 1.3 The group G is called a weak holonomy group of M if for each p G M 
and each differentiable loop 7 in M with 7(0) = 7(1) = p there exists g £ G such that 
Tr y\p = 9\p whenever P is a special subspace of T p M of minimal dimension with 7(0) G -P. 

Clearly, the definition does not depend on the choice of u G Pq. 

Notice that a Riemannian manifold may have more than one weak holonomy group. 
For example, any group G such that Hol(p) CGC SO(n) is a weak holonomy group. Of 
course, the interesting situation is when G does not contain Hol(p). 

In HUj A. Gray studied the question which groups from the list can be 

weak holonomy groups of a Riemannian manifold without containing its holonomy group. 
He proved that the groups U(n), SU(n) and G2 have this property, the groups SO(n) 
(for trivial reasons), Sp(n), Sp(n)U(l), Sp(n)Sp(l) and Spin(7) do not, and the case 
G = Spin(9) remained unresolved. According to his results, weak holonomy group U(n) 
or SU(n) is equivalent to the manifold being nearly Kahler, while weak holonomy group 
Gi is equivalent to the existence of a nearly parallel vector cross product on M. His proofs 
relied on the following mysterious argument: If S is certain G-invariant tensor on M (for 
example, the complex structure I if G is U(n) or SU(n) or the vector cross product $ if 
G is G2), then G is a weak holonomy group if and only if VxS(X, X2, ■ ■ ■ , X^) = for all 
X, Xi , ■ ■ ■ , Xk ■ 

Unfortunately, it turns out that this argument is not correct. In section |2] we show 
that the simplest example of a nearly Kahler manifold, the 6-dimensional sphere S e , does 
not have weak holonomy U (3) and that the simplest example of a manifold with nearly 
parallel vector cross product, the 7-dimensional sphere S 7 , does not have weak holonomy 
G2. Notice that this does not depend on that which of ll.ll and ll.2l is the correct definition 
of a special subspace since the special subspaces for U(n), SU(n) and G2 determined by 
Gray are the same as in the above examples. 

Because of this we consider again the above mentioned question studied by Gray. We 
prove the following. 

Theorem 1.4 Whichever of Definition and Definition \l. 6 A is used to define the notion 
of special subspace, the only connected Lie groups which act effectively and transitively 
on some sphere that can be weak holonomy groups of a Riemannian manifold without 
containing its holonomy group are SU(n), n > 3, and Sp{n)U{\), n > 2. In both cases 
the manifold is Kahler. 

Simple examples of manifolds with weak holonomy SU(n) or Sp{n)U{\) can be ob- 
tained by taking small open neighbourhoods in Riemannian manifolds with holonomy U(n) 
or U(2n) respectively. An interesting consequence of Theorem 11.41 is that it is possible to 
have groups G' C G" C G'" so that G' and G'" are weak holonomy groups but G" is not. 
For example, take G' = Sp(n)U(l), G" = Sp(n)Sp(l), G'" = SO{An). Another curious 
fact is that, with the exception of Sp(n), for all groups from the list (jl.lj) the special 
subspaces according to Definition ll.il and according to Definition 11.21 are the same. 

2 Examples 

Let < •, • > be the standard inner product in M n+1 . Denote by e\, . . . , e n +i the standard 
basis of R n+1 and by e 1 , . . . , e n+1 its dual basis. We use the notation e H " ,tk := e n A- • • Ae tk . 
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Let go be the standard metric on the unit sphere S n C W l+1 and V (resp. V') be the 
Levi-Civita connection of S n (resp. M n+1 ). We have 

V X Y = V X Y- <X,Y x >x, X G T x S n , Y G T{TS n ). 

Let xt be a smooth curve on S n and let denote the parallel translation from T X() S n to 
T Xs S n along x t . If X G T X0 S n and X t := r t °(X ), then X t satisfies 

= - < x t , X t > x t . 

Let ui be a parallel (A; + l)-form on M n+1 . Define Q X (X\, . . . , X^) = to(x, X±, . . . , X^) for 
x£S". Then is a A;- form on S n which satisfies 

V x n(X, X 2 ,...,X k )=0 for all X,X 2 ,..., X k . 

Example 1 Consider the 2-form Q on S" 6 , defined by Q X (X, Y) = <p(x,X,Y), where the 
3-form (p on MJ is 

<p = e 123 + e 145 _ e 167 + e 246 + e 257 + & 347 _ e 356_ 

The 2-form Q is non-degenerate and therefore it defines an almost complex structure I 
compatible with go on S 6 via the equation go(IX, Y) = Q(X, Y). The 3-form ip is parallel 
on M7 , so $7 satisfies Vx^(X, Y) = 0. This means, by definition, that (S 6 , go, I) is a nearly 
Kahler manifold. 

Fix r G (0, 1) and let 



x t = (r cos t, r sin t, 0, \/l - r 2 , 0, 0, 0) 6 5 6 . 
Let X := x = (0, r, 0, 0, 0, 0, 0). Then 



. v . r 3 sin((l + VT^)t) r 3 sin((l- VT^)t) 

X t :- r t (X ) - ( 2(1 + Vl _ r2) 2 (l-Vl-0 ' 

r3c0s((1+ / yi ^ )t) + r3cQs((1 - Vr ^ )t) - -r 2 sin(^T^), 0, 0, 0). 

2(1 + VT^) 2(1 -VT 3 ^) v 7 ; 

We have Y := IX = (0, 0, r 2 , 0, 0, -r^T^F 1 , 0) and y t := T t (Y ) = *b- 

The subspace P := span{Xo,Fo} is a special subspace of minimal dimension for f/(3) 
and 5f7 (3). We have X2tt = xo and xo = Xq G P. IfU (3) (or St/ (3)) were a weak holonomy 
group for S 6 , then there would exist g G f/(3) (or S77(3)) such that t^Jf = g\p. This 
means 

X 27r = tI{Xo) = g(X ), Y 2w = tI(Yo) = g(Y ) = g(IX ) = Ig(X ). 

Hence IX 2n = Y 2w = Y = IX , i.e., X 2n = X . But X^ = r cos( v / l - r 2 .2vr) / r = X 2 , 
a contradiction. 

Thus, although (S 6 ,go,I) is nearly Kahler, it does not have weak holonomy group 
17(3) or SU(3). 
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Example 2 Consider the 3-form (p on S 7 denned by <p x (X,Y,Z) = 6(x,X,Y,Z), where 
the 4-form 9 on M 8 is 

= e 1234 + e 1256 _ e 1278 + e 1357 + e 1368 + e 1458 _ e 1467 
_|_ g 5678 _ g 3456 _|_ g 2457 _ g 2358 , g 2367 _|_ g 3478 , g 2468 

The 3-form (p is non-degenerate and defines a reduction of the structure group of (S 7 , 50) to 
G 2 . The corresponding vector cross product <I> is defined by go($(X, Y), Z) = (p(X, Y, Z). 
The 4-form 6 is parallel on R 8 , so <~p satisfies V x<p(X,Y, Z) = 0. Thus (S 7 ,go,$) is a 
manifold with nearly parallel vector cross product 
Fix r E (0, 1) and let 

x t = (r cos t, r sin t, 0, \A - r 2 , 0, 0, 0, 0) E S 7 . 
Let X := x = (0, r, 0, 0, 0, 0, 0, 0). Then 

_ 0/ y _ / 7-3 sin((l + a/1 - r 2 )i) r 3 sin((l — Vl - ?" 2 )i) 
o)-( 2(1 + x/T^T 2 ) 2(1 - VT^T 2 ) ' 

2(i + vT=7*) 2(1-^1^) v ' ' 

Take y := (0, 0, r 2 ,0,0,-r\/l - r 2 ,0,0 ). Then Y 4 : = t?(Y ) = Y . 

Let Z : = <f>(X ,Y ) = (-rVl - r 2 , 0, 0, r 4 , rVl - r 2 , 0, 0, r 2 (l - r 2 )). Then 



^ := r?(Z ) 



,r 



cos((l + Vl - r 2 )t) r 5 cos((l - Vl - r 2 )t) r 5 sin((l + Vl - r 2 )t) 



2{1 + Vl^r 2 ) 2(1-VT^T 2 ) 2(l + VT Tr ^ 2 ) 



_ r 5 sin((l VT ^)t)_ A r 4 cos (^/I3^ t ) j r 3 v ^3^ ; 0, 0, r 2 (l - r 2 )). 
2(1 — v 1 — r 2 ) 

The subspace P := span{Xo, Yo, Zq} is a special subspace of minimal dimension for G 2 . 
We have x 2lK = £0 and xo = Xq £ P- If C2 were a weak holonomy group for S 7 , then 
there would exist g E G2 such that t^Ip = ff|p. This means 

X 2w = rl(X ) = g(X ), Y 2w = rl(Y ) = g(Y ), 
Z 2n = rl(Z ) = g(Z ) = g^{X ,Y )) = *(g(X ),g(Y )), 
i.e., Z 2n = $(X 27r ,Y 27r ). But 



Zl w = rW^-r 2 + rW^-r 2 cos( V / l - r 2 .2vr) = $(X 2n , Y 2n f , 
a contradiction. 

Thus, although (S 7 ,g ,$) is a Riemannian manifold with nearly parallel vector cross 
product, it does not have weak holonomy group G 2 . 



3 Determination of the minimal special subspaces 

In this section we determine the special subspaces of minimal dimension for the connected 
Lie groups acting transitively and effectively on some sphere according to Definition 11.11 
and Definition 11.21 respectively. 
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3.1 Minimal special subspaces according to Definition 11.11 

Let T be a real representation of the group G. For a subspace P C T in this subsection 
we denote G P = {g E G : g{x) = x\/x G P}. Clearly, if P' C P, then G P / D G P . 
The following lemma is an obvious reformulation of Definition 11.11 

Lemma 3.1 Let P' C T be a subspace and let P be the maximal subspace ofT on which 
Gp> acts trivially. If P contains P' strictly, then P is a special subspace for G generated 
by P' . Every special subspace arises in this way. 

If P is a special subspace generated by P', then Gpi = Gp. Thus two different 
subspaces P{ and P' 2 generate the same special subspace iff Gp^ = Gp^. 

As an extreme example let us consider the situation in which a special subspace P is 
generated by P' = {0}. Since Gpi = G, we obtain Gp = G, i.e., there exists a non-trivial 
subspace of T on which G acts trivially and P is the maximal such subspace. 

The groups we are interested in act transitively on the unit sphere in T. So for them 
dimP' > 1 and therefore dimP > 2. In particular, if we find a special subspace P with 
dimP = 2, then it is a minimal special subspace. 

In the rest of this subsection we determine the minimal special subspaces for the groups 
from the list Ql.lj) . 

1) G = SO(n) 

If P' C M n , dimP' = m, then Gpi = SO(n — m) and the orthogonal complement P /_L 
of P' is the standard real irreducible representation of SO(n — m). Thus P /_L contains a 
subspace on which Gp> acts trivially only if n — m = 1. Therefore the only special subspace 
for SO(n) is P = M n , generated by an arbitrary (n — l)-dimensional subspace P' . 

2) G = U(n), n>2 

Let / be the endomorphism of R 2n which corresponds to the multiplication by i in 
C n under the identification C n = M. 2n . Then, considered as a subgroup of SO(2n), 
U(n) = {ge SO{2n) : g{I) = I}. 

Let P = span{x} C R 2n . Then G P > ^ U(n - 1) and 

M 2n = span{x, Ix} © span{x, Ix}' L . 

Gpi = U(n — 1) acts trivially on span{x, Ix} and span{x, Ix} 1 - is the standard real 
2(n — l)-dimensional irreducible representation of U(n — 1). Thus P = span{x, Ix} is a 
special subspace for U(n) generated by P' and has minimal dimension. 

3) G = SU{n), n > 3 

Let P = span{x} C R 2n . Then G P i = SU(n - 1) and M. 2n decomposes as in the 
previous case. Gpi = SU(n — 1) acts trivially on span{x, Ix}, while span{x, Ix} 1 - is the 
standard real 2(n — l)-dimensional representation of SU(n — 1), which is irreducible since 
n — 1 > 2. Thus P = span{x, Ix} is a special subspace for SU(n) generated by P' and 
has minimal dimension. 

4) G = Sp(n) 

Let /, J, K be the endomorphisms of M 4n which correspond respectively to the multi- 
plication by —i, —j, —k on the right in HP under the identification HP = M 4n . Then the 
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group Sp{n) = {^4 £ GL(n,M) : A 1 A = 1}, considered as a subgroup of 50(4n) under the 
above identification, is Sp{n) = {<? E SO(4n) : g(I) = I,g(J) = J,g(K) = K}. 
Let P' = span{x} C R An . Then G P , ^ Sp(ra - f) and 



span{x, Ix, Jx, fe} © span{x, Ix, Jx, Kx} 



Gpi = Spin — 1) acts trivially on span{x, Ix, Jx, Kx}, while span{x, Ix, Jx, Kx} is 
the standard real 4(n — l)-dimensional irreducible representation of Sp(n — 1). Thus 
P = span{x, Ix, Jx, Kx} is a 4-dimensional special subspace generated by P' . 

If dimP' > 1, then either P' C span{x, Ix, Jx, Kx} or there exists ^ y E P' such 
that yJspan{x, Ix, Jx, Kx}. In the first case the special subspace P generated by P' 
is the same as above. In the second one Gpi acts trivially on span{x, Ix, Jx, Kx} © 
span{y, Iy, Jy, Ky}, i.e., dimP > 8. 

Thus the minimal special subspaces for Sp(n) are 4-dimensional and have the form 
P = span{x, Ix, Jx, Kx}. 

5) G = Sp{n)U{\), n > 2 

By definition Sp{n)U{l) = (Sp{n) x U{l))/z 2 . We identify U(l) = S 1 C C C i. Then 
the action of Sp(n)U(l) on HP is given as follows: if x £ HP, g = [A, a] £ Sp{n)U{\), 
where A E Sp(n), a £ ^(1), then g{x) = Axa^ 1 . Thus, under the identification HP = R 4n , 
Sp{n)U{l) becomes Sp{n)U{l) = {g £ SO{An) : g{I) = I, g{span{J, K}) = span{J,K}}. 

Let P' = span{x} C M 4n . Without loss of generality we can assume that x = e± £ HP. 
WehaveGp/ = Sp(n— 1) C7(l) , where the embedding Sp(n — 1)^7(1) 5j?(n)C/(l) is given 
by [B,a] *-^> [A, a] with 



and Gp> = Sp(n — 1) f7(l) acts trivially on span{x, Ix}, irreducibly on span{Jx, Kx} 
(because the [/(l)-part acts irreducibly on this space) and span{x, Ix, Jx, Kx} 1 - is the 
standard real 4(n — l)-dimensional irreducible representation of Spin — 1)C7 (1). Thus 
P = span{x, Ix} is a special subspace for Sp(n)Uil) generated by P' and has minimal 
dimension. 

Notice that this result differs from the one in where it is claimed that the minimal 
special subspaces for Spin)U(l) are 4-dimensional and have the form span{x, Ix, Jx, Kx}. 

6) G = Sp{n)Sp{l), n>2 

By definition Sp{n)Sp(l) = (5p(n) x 5p(l))/z 2 . We identify Sp{l) = 5 3 C HI. Then 
the action of Sp(n)Sp(l) on HP is given as follows: if x £ HI™, g = [A, a] £ Sp(n)Spil), 
where A £ Sp(n), a £ Sp(l), then g{x) = Axa~ l . Thus, under the identification 
HP ^ M 4n , Spin)Spil) becomes Sp{n)Sp{\) = {g £ SO{An) : g{span{I ,J,K}) = 
span{I, J, K}}. 

Let P' = span{x} C M 4n . Without loss of generality we can assume that x = e± £ HP. 
We have Gp> = Sp(n — l)Sp(l), where the embedding Spin — l)Sp(l) <^-* Spin)Spil) is 
given by [B,a] [A, a] with 




Now 



in 



span{x, Ix} © span{Jx, Kx} © span{x, Ix, Jx, Kx} 
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We have 

M 4n = P' © span{Ix, Jx, Kx} © span{x, Ix, Jx, Kx} 1 . 

Gp> = Sp(n — l)Sp(l) acts irreducibly on span{Ix, Jx, Kx} (because this is isomorphic 
to the adjoint representation of the 5p(l)-part) and span{x, Ix, Jx, Kx} 1 - is the standard 
real 4(n — l)-dimensional irreducible representation of Sp(n — l)5p(l). Thus the maximal 
subspace on which Gpi acts trivially is P' itself and therefore P' does not generate any 
special subspace. 

Let now P' = span{x, y} be 2-dimensional. 

a) y G span{Ix, Jx, Kx} 

Without loss of generality we can assume that y = Ix. Then Gpi = Sp(n — l)U(l) 
embedded in Sp{n)U(l) C Sp(n)Sp(l) as in 5). As we saw in 5), span{Jx, Kx} and 
span{x, Ix, Jx, Kx} 1 - are irreducible representations of Sp(n — 1)U(1). Thus the maximal 
subspace on which Gp/ acts trivially is P' itself and therefore P' does not generate any 
special subspace. 

b) y G span{x, Ix, Jx, Kx} 1 - 
Then G P > = Sp{n - 2)Sp{\), 

R 4n = p' ® span{Ix, Jx, Kx} © span{Iy, Jy, Ky} © span{x, Ix, Jx, Kx, y, Iy, Jy, Ky} L 

and span{Ix, Jx, Kx}, span{Iy, Jy, Ky} and span{x, Ix, Jx, Kx,y, Iy, Jy, Ky} 1 - are ir- 
reducible representations of Sp{n — 2)Sp{l) (if n = 2, then Gp> = SO(3), 
span{x, Ix, Jx, Kx, y, Iy, Jy, Ky} 1 - = and span{Ix, Jx, Kx} and span{Iy, Jy, Ky} are 
isomorphic to the adjoint representation of 50(3), i.e., again irreducible). So again P' 
does not generate any special subspace. 

c ) U = 2/1 + U2, 7^ 2/1 G span{Ix, Jx, Kx}, 7^ 2/2 € spanjx, ix, Jx, Kx} 1 
Without loss of generality x = ei G HT, y\ = Aix = A/ei, A > 0, yi = e 2 G H n . 

If 5 G 5p(n — l)5p(l) is such that g(y) = y, then 5(2/1) = y\ and 5(2/2) = 2/2- Hence 
G P / 5p(n-l)[/(l)n5p(n-2)5p(l) = Sp{n-2)U{1), embedded in Sp(n)Sp(l) through 
[B,a] 1— > [t4, a] with 

fa 0\ 

A = a G 5p(n) C GL(n,M). 
\0 73/ 

We have 

M. 4n = span{x, Ix, 2/2, ^2/2} © span{Jx, Kx} © span{Jy2, Ky-^} 

@span{x, Ix, Jx, Kx, y 2 , Iy 2 , Jyi, Ky 2 } ± . 

Gpi acts trivially on span\x,Ix,y 2 ,Iy 2 }, while the other summands are irreducible rep- 
resentations of Gpi (this is true also for n = 2: in this case Gpi = U{1) and the last 
summand is 0, but {Jx,Kx} and span{Jy2, Ky 2 } are again irreducible representations of 
U(l)). 

Thus the 4-dimensional subspaces P = span{x, Lx,y 2 , Ly 2 } with L G span{I,J,K}, 
2/2 G span{x, Ix, Jx, Kx}^ , are special subspaces for Sp(n)Sp(l) of minimal dimension. 
If we take P' = span{x, Ix, Jx}, then Gpi = Sp(n — 1) and 

M 4n = span{x, Ix, Jx, Kx} © span{x, Ix, Jx, Kx} 1 . 
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Thus we see as in 4) that P = span{x, Ix, Jx, Kx] is also a special subspace for Sp{n)Sp{\) 
of minimal dimension. 

It is straightforward to show that there are no other special subspaces for Sp(n)Sp(l) 
of minimal dimension (but we shall not need that). Notice that in jllj only the subspaces 
of the type P = span{x, Ix, Jx, Kx} were identified as minimal special subspaces for 
Sp(n)Sp(l). 

7) G = G 2 

Let ip be the 3-form on R 7 defined in Example 1 in section [2] and the vector cross 
product $ : R x R 7 — ► R 7 be defined by < <&(x, y), z >= ip(x, y, z). Then, as a subgroup 
of 50(7), G 2 = {g G SO(7) : g(<p) = ^} = {g G 50(7) : g($) = $}. 

Let P' = span{x} C R 7 . Then G P > = SU(3). We have R 7 = P' © P' 1 - and P' 1 - is the 
standard real 6-dimensional irreducible representation of SU(3). Therefore P' does not 
generate any special subspace. 

Let P' = span{x,y} be 2-dimensional. Then Gpi = SU(2) (cf case 3) above) and 

R 7 = span{x, y, &(x, y)} © span{x, y, y)} ± . 

Gpi = SU(2) acts trivially on span{x, y, &(x, y)}, while span{x,y,^(x,y)} ± is the stan- 
dard real 4-dimensional irreducible representation of SU(2). Thus P = span{x, y, $(x, y)} 
is a special subspace for G 2 of minimal dimension (three) generated by P'. 

8) G = Spin(7) 

Let be the 4-form on R 8 defined in Example 2 in section El and the triple vector cross 
product (cf 9 ) : R 8 x R 8 x R 8 — ► R 8 be defined by < B(x,y,z),w >= 6(x,y,z,w). 
Then, as a subgroup of SO{8), Spin(7) = {g G 50(8) : g(6) = 9} = {g G 50(8) : 
.#-» (-)'.- 

Let P' = span{x} C R 8 . Then Gpi = G 2 and P' is the standard real 7-dimensional 
irreducible representation of G 2 . Hence P' does not generate any special subspace. 

Let P' = span{x,y} be 2-dimensional. Then Gpi = SU(3) (cf case 7) above) and P' L 
is the standard real 6-dimensional irreducible representation of SU(3). So again P' does 
not generate any special subspace. 

Let P' = span{x,y, z} be 3-dimensional. Then Gpi = SU(2) and 

R 8 = span{x, y, z, Q(x, y,z)} © span{x, y, z, Q(x, y, z)}' L . 

Gpi = SU(2) acts trivially on the first space, while the second is the standard real 4- 
dimensional irreducible representation of SU(2). Thus P = span{x,y, z,@(x,y, z)} is a 
special subspace for Spin{7) of minimal dimension (four) generated by P' . 

9) G = Spin{9) 

This case resembles the case G = Sp(n)Sp(l). 

Let Ji, ... , Ig be the generators of the Clifford algebra CZ(R 9 , — < ■, • >), considered 
as endomorphisms of its 16-dimensional real representation R 16 . They satisfy 

J a = !> T a = I a Ij3 = -I^a, a ^ (3. 

The group Spin(9), considered as a subgroup of 50(16), is Spin(9) = {g G 50(16) : 
g{span{h, Ig}) = span{h, Ig}}. 
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Let P' = span{x} C R 16 . Then G P > = Spin(7) and P' = U®V, where U is the real 7- 
dimensional irreducible representation of Spin(7) (via the projection Spin(7) — ► SO (7)) 
and V is the real 8-dimensional irreducible representation of Spin{7) (i.e., the real spin 
representation). Hence P' does not generate any special subspace. 

Let P' = span{x, y} be 2-dimensional. 

a) yeU 

Then Gpi is the subgroup of Spin{7) which projects on 50(6), i.e., Gpi = Spin(Q). 
We have M 16 = P' © Wi © V, where Wi is the orthogonal complement of span{y} in 
U. Hence W\ is the real 6-dimensional irreducible representation of Spin(6) (through the 
projection Spin(6) — > 50(6)) and V is the real 8-dimensional irreducible representation 
of Spin(6) (i.e., the real spin representation). Thus in this case P' does not generate any 
special subspace. 

b) ye V 

Then G P < ^ G 2 (cf case 8) above). We have M 16 = P' © U © W 2 , where W 2 is the 
orthogonal complement of span{y} in V. U and W 2 are both isomorphic to the standard 
real 7-dimensional irreducible representation of Gpi = G 2 . So again P' does not generate 
any special subspace. 

c) y = yi + y 2 ,0^yieU,0^y 2 eV 

If g G Spin{7) is such that g(y) = y, then g{y x ) = y t , g(y 2 ) = y 2 . Hence G P > = 
Spin(6) n G 2 = SU(3) (because the subgroup of G 2 preserving y\ G U is SU(3)). 

Let |x| = 1 = 1 2/2 1 - Let I £ span{Ii, . . . ,1$} be the endomorphism determined by x, 
i.e., the unique element of span{Ii, . . . , Ig} such that I 2 = 1, Ix = x (I is explicitly given 
by I = Yl a =l < IaX,x > I a ). Then span{x} © C/ and V are the eigenspaces of I for +1 
and —1 respectively and V = span{Jx : J £ span{Ii, . . . ,/g}, J-LI}. Let y 2 = Jx. Then 
J is G P i -invariant. If W3 is the orthogonal complement of span{x,y\} in ?7 and W4 the 
orthogonal complement of span{y 2 , Jy\} in V, we have 

R 16 = span{x, y u y 2 , Jy 2 } © W 3 © W 4 . 

Op/ = SU(3) acts trivially on span{x,yi,y 2 , Jy 2 }, while VF3 and are isomorphic to 
the standard real 6-dimensional irreducible representation of SU(3). 

Thus P = span{x,yi,y 2 , Jyi} is a special subspace for Spin(9) of minimal dimension 
generated by P'. 

It is straightforward to see that every minimal special subspace for Spin(9) has this 
form (but we shall not need that). Notice that the minimal special subspaces for Spin(9) 
have dimension 4 in contrast to the result in |llj where it is claimed that they are 8- 
dimensional. 

3.2 Minimal special subspaces according to Definition 11.21 

Let T be a real representation of the group G. For a subspace P C T in this subsection we 
denote G P = {g G G : g{P) = P}. The other notations are as in the previous subsection. 
Definition 11.21 is equivalent to the following. 

Lemma 3.2 Let P be a proper subspace of T . Let P be a subspace of T which strictly 
contains P' and such that g{P) = P for each g G G P < . If there does not exist any subspace 
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P" such that P' C P" C P and g{P") = P" for each g G Gpi , then P is a special subspace 
for G generated by P' . 

Notice that, since g(T) = T for each g £ Gpi, every proper subspace P'cT generates 
a special subspace according to Definition 11,21 which is not the case with Definition ll.il 
The determination of the special subspaces simplifies for subgroups of SO{n). 

Lemma 3.3 Let G preserve an inner product on T. Then P C T is a special subspace 
generated by P' C T iff P = P' © V, where {0} ^ V C P /_L is an irreducible Gp>- 
representation. 

If P' = {0}, then Gpi = G. Thus, if we suppose that T is an irreducible representation 
of G, then the special subspace generated by P' = {0} is T. Therefore, when looking for 
the minimal special subspaces, we can always assume that the generating subspace P' has 
dimP' > 1 and hence the minimal special subspaces are at least 2-dimensional. 

In the remainder of this subsection we determine the minimal special subspaces for the 
groups from the list (jl.lj) , 

1) G = SO(n) 

If P' C R n , dimP' = m, then G P > = SO{m) x SO{n - m) and P' 1 is irreducible with 
respect to Gpi. Thus the only special subspace for SO{n) is the whole space W 1 . 

2) G = U(n), n>2 

Let P' = span{x} C M. 2n . Then Gp> = U{n — 1) and the decomposition of P /_L into 
irreducible U(n — l)-representations is 

P /_L = span{Ix} © span{x, Ix} ± . 
Thus the minimal special subspaces for U{n) are P = span{x,Ix}. 

3) G = SU(n), n>3 

Let P' = span{x} C M 2n . Then G P > = SU(n - 1) and the decomposition of P' L 
into irreducible SU{n — ^-representations is the same as in the previous case. Hence the 
minimal special subspaces for SU{n) are also P = span{x,Ix}. 

4) G = Sp(n) 

Let P' = span{x} C M 4 ™. Then Gpi = Sp(n — 1) and we have the following decompo- 
sition of P /_L into irreducible Sp(n — ^-representations: 

P /_L = span{Ix} © span{Jx} © span{Kx} © span{x, Ix, Jx, Kx}^. 

Therefore the minimal special subspaces for Sp(n) are 2-dimensional and have the form 
P = span{x, Lx}, where L E span{I, J, K}. 

5) G = Sp(n)U(l), n>2 

Let P' = span{x] C M 4 ". Then G P > = Sp(n-l)U(l), embedded in Sp(n)U(l) as in 5) 
in the previous subsection. The decomposition of P /_L into irreducible Gpi -representations 
is 

P' = span{Ix} © span{Jx, Kx} © span{x, Ix, Jx, Kx} ± . 
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Hence the minimal special subspaces for Sp(n)U(l) are 2-dimensional and have the form 
P = span{x, Ix}. 

6) G = Sp(n)Sp(l), n > 2 

Let P' = span{x} C M 4n . Then Gp> = Sp(n — l)Sp(l), embedded in Sp(n)Sp(l) 
as in 6) in the previous subsection. The decomposition of P /_L into irreducible Gpi- 
representations is 

P /_L = span{Ix, Jx, Kx} © span{x, Ix, Jx, Kx} 1 . 

Thus the special subspace generated by P' , which has smaller dimension, is 
P = span{x, Ix, Jx, Kx}. We shall see that P is indeed a special subspace of minimal 
dimension for Sp(n)Sp(l). 

Now let P 1 = span{x, y} be 2-dimensional. 

a) y G span{Ix, Jx, Kx} 

Without loss of generality we can assume that y = Ix. Obviously Gpi 5 Spin— 1)J7(1). 
The decomposition of P /_L into irreducible Sp(n — l)C/(l)-representations is 

P /_L = span{Jx, Kx} © span{x, Ix, Jx, Kx} ± . 

These spaces are also Gp/-invariant and therefore the special subspace of smaller dimension 
generated by P' is again P = span{x, Ix, Jx, Kx}. 

b) y G span{x, Ix, Jx, Kx} 1 - 

Then Gp> 5 Sp{n—2)Sp(l). The decomposition of P /_L into irreducible Sp(n— 2)Sp{l)- 
representations is 

P /_L = span{Ix, Jx, Kx} © span{Iy, Jy, Ky} © span{x, Ix, Jx, Kx, y, Iy, Jy, Ky} ± 

and the decomposition with respect to Gp> cannot be finer. Therefore the special subspaces 
generated by P' are at least 5-dimensional, i.e., they are not special subspaces of minimal 
dimension for Sp(n)Sp(l). 

c ) V = Ui + U2, / y\ 6 span{Ix, Jx, Kx}, / y2 £ span{x, Ix, Jx, Kx} L 
Without loss of generality x = e\ 6 HP, y\ = XI x = XI e\, X > 0, y 2 = e 2 G HP. Then 

G P < C/(l) x ((5p(n - 2) x fO/za), where 

= {a + /?i : a 2 + /3 2 = 1} U {aj + (3k : a 2 + (3 2 = 1} C Sp{l) 

(i.e.., # ^ Pin{2)). The group C/(l) x ((Sp(n - 2) x i?)/z 2 ) is embedded in Sp{n)Sp{\) 
in the following way: (e l<f , \B,a\) v- > [A,a] G Sp(n)Sp(l), where 



A 



^•a £a (cos^-^).a 



6 Sp(n) C GL(n,M), 



\ 5/ 

with e a = 1 if a = a + /3i and e a = — 1 if a = aj + /3/c (i.e., e a = det(7r(a)), where 
7r : Pin(2) — > 0(2) is the projection). The decomposition of P /J ~ into irreducible Gpi- 
representations is 

P /J ~ = span{—Ix + Xy 2 , lyi} © span{Jx, Kx, Jy 2 , Ky 2 } 
®span{x, Ix, Jx, Kx, y 2 , Iy 2 , Jy2,Ky 2 } ± . 
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Thus P = span{x, Ix,y2, 1112} is the special subspace of smallest dimension generated by 
P'. 

So we see that the minimal special subspaces for Sp(n)Sp(l) are 4-dimensional and 
that all subspaces P = span{x, Lx,y, Ly}, where L £ span{I,J,K} and yJspan{x, Lx}, 
are special for Sp(n)Sp(l) of minimal dimension. It can be shown that these are all special 
subspaces for Sp(n)Sp(l) of minimal dimension (but we shall not need that). 

7) G = G 2 

Let P' = span{x} C R 7 . Then G P i ^ S77(3) and P' 1 - is an irreducible representation 
of SU(3). Thus the only special subspace generated by P' is the whole space M 7 . 

Let P' = span{x,y} be 2-dimensional. Then Gp> D SU{2). The decomposition of P' L 
into irreducible S'C/(2)-representations is 

P' L = span{&(x, y)} © span{x, y, y)}^. 

These spaces are also Gp/-invariant and therefore this is also the decomposition of P /_L 
into irreducible Gpi -representations. Thus the minimal special subspaces for G2 are 3- 
dimensional and have the form P = span{x, y, y)}. 

8) G = Spin(7) 

Let P' = span{x} C K 8 . Then Gpi = G2 and P /_L is an irreducible representation of 
G2. Thus the only special subspace generated by P' is the whole space M 8 . 

Let P' = span{x,y} be 2-dimensional. Then Gpi 5 SU(3) and P /J ~ is an irreducible 
representation of SU(3) and therefore also of Gpi. So again the only special subspace 
generated by P' is the whole space M 8 . 

Let P 1 = span{x,y,z} be 3-dimensional. Then Gpi D SU(2). The decomposition of 
P /J ~ into irreducible 5C/(2)-representations is 

P /_L = span{Q(x, y,z)} © span{x, y, z, @(x, y, z)} ± . 

These spaces are also preserved by Gpi and therefore this is also the decomposition of P /_L 
into irreducible Gpi -representations. Hence the minimal special subspaces for Spin(7) are 
4-dimensional and have the form P = span{x, y, z, @(x, y, z)}. 

9) G = Spin(9) 

Let P' = span{x} C M 16 . Then Gpi = Spin(7) and the decomposition of P /J ~ into 
irreducible >Spin(7)-representations is P /_L = U © V. Thus the special subspaces generated 
by P 1 are P' ®U and P 1 © V and they have dimensions 8 and 9 respectively. 

Let P' = span{x, y} be 2-dimensional. 

a) y € U 

Then Gpi 5 Spin{Q) and the decomposition of P /_L into irreducible Spm(6)-represen- 
tations is P' L = W\ © V. Thus the special subspace of smallest dimension generated by 
P' is at least 8-dimensional. 

b) y e V 

Then Gpi D G2 and the decomposition of P' into irreducible (^-representations is 
P /_L = U © W2- Thus the special subspace of smallest dimension generated by P' is at 
least 9-dimensional. 
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c) y = yi + 2/2, / yi g U, ^ y 2 e V 

Without loss of generality \x\ = 1 = 1 2/2 1 - Let \y±\ = A and I, J G span{/i, . . . ,/g} be 
as in 9c) in the previous subsection. We have Gp< D SU(3) and the decomposition of P' 1 ' 
into irreducible S'f7(3)-representations is 

P /J - = S pan{-y 1 + X 2 y 2 } © span{ Jy{\ © W 3 © W4. 

It is not hard to see that span{— yi + X 2 y2, Jyi} is Gp'-invariant and Gp'-irreducible. Thus 
the special subspace of smallest dimension generated by P 1 is P = span{x, y\, y 2 , Jyi}- 

So the special subspaces of this type are special subspaces of minimal dimension for 
Spin(9) (and every minimal special subspace for Spin(9) has this form but we shall not 
use that). 

4 Proof of Theorem 11.41 

Let G be a connected Lie subgroup of SO(n) and M be a Riemannian manifold whose 
structure group is reduced to G. 

Lemma 4.1 Let the Lie group G be compact. Suppose the subspace P C T p M is such that 
for each differentiable loop 7 in M with 7(0) = 7(1) = p and 7(0) G P there exists g G G 
satisfying r 7 |p = g\p. Then for each a G Hol(p) there exists g G G such that a\p = g\p. 

Proof: Let 7 be a piecewise differentiable loop based at p with 7(0) G P- There exists a 
continuous family of loops 7 S based at p such that 70 = 7, 7 S is differentiable for s > and 
7 S (0) = 7(0). The parallel translation along a curve is a solution of an ODE and therefore 
r 7s is continuous with respect to s. In particular, we obtain that there is a sequence of 
differentiable loops 7^ such that 7^(0) = 7(0) G P and r 7fe — > r 7 as k — > 00. Thus there 
exist <?fc G G such that t 7 Jp = gu\p- Because of the compactness of G we can assume 
that the sequence is convergent. Let g G G be its limit. Then t 7 |p = g\p. Hence the 
property in the hypothesis of Lemma 14. II is true also for piecewise differentiable loops. 

Let a G Hol(p). Then a = t$ for some piecewise differentiable loop 5 based at p. If 
/i = 5 o 7 _1 o 7, we have r M = t$ = a. Since /i(0) = 7(0) G P, there exists g £ G such that 
T/Lt|p = #|P) he., a\p = g\p. □ 

Now let M be a Riemannian manifold with weak holonomy G, where G is one of the 
groups in the list (jl.lj) . The results of the previous section show that if G 7^ Sp(n) the 
notion 'weak holonomy group G' is independent of which of the two definitions of special 
subspace is used. 

1) G = SO(n) 

There is nothing to prove in this case. 

2) G = U(n), n>2 

Let a G Hol(p). If x G T p M, then P = span{x, Lx} is a special subspace of minimal 
dimension. Definition 11.31 and Lemma 14.11 imply that there exists g G U (n) such that 
a{x) = g(x), a{Ix) = g(Lx). But g o I = I o g. Hence a{Ix) = Ia{x) for each x G T p M, 
i.e., a G U(n). Thus FoZ(p) C U(n). 



14 



3) G = SU{n), n > 3 

As in the previous case Hol(p) C U(n). Manifolds with weak holonomy SU(n) and 
holonomy U(n) do exist. For example, every sufficiently small neighbourhood in a manifold 
with holonomy U (n) has this property. 

4) G = Sp(n) 

Let a £ Hol(p), x £ T p M. 

If we use Definition II .11 to define the special subspaces, then P = span{x, Ix, Jx, Kx} 
is a special subspace of minimal dimension. Hence, by Definition 1 1 . 31 and Lemma l4,ll there 
exists g £ Sp(n) such that 

a(x) = g(x), a(Ix) = g(Ix), a(Jx) = g(Jx), a{Kx) = g{Kx). 

But g commutes with I, J, K and therefore 

a(Ix) = Ia(x), a(Jx) = Ja(x), a(Kx) = Ka{x) 

for each x £ T p M. Thus also a £ Sp(n), i.e., Hol(p) C Sp(n). 

If we use Definition EH to define the special subspaces, then span{x, Ix}, span{x, Jx}, 
span{x, Kx} are special subspaces of minimal dimension. As in case 2) this implies that 
a commutes with /, J, K, i.e., again Hol(p) C Sp(n). 

5) G = Sp(n)U(l), n > 2 

As in case 2) Hol{p) C U(2n). Manifolds with weak holonomy Sp(n)U(l) and holon- 
omy U(2n) do exist. For example, one can take a sufficiently small neighbourhood in a 
manifold with holonomy U(2n). 

6) G = Sp(n)Sp(l), n>2 

Let a £ Hol(p), x £ T p M, L £ span{I , J, K}, y £ span{x,Lx} L . Then P = 
span{x, Lx, y, Ly} is a special subspace of minimal dimension. By Definition 11.31 and 
Lemma 14.11 there exists g £ Sp(n)Sp(l) such that a\p = g\p. Since g £ Sp(n)Sp(l), 
g(L) = al + (3 J + jK. Hence 

a(Lx) = g(Lx) = g(L)g(x) = g(L)a(x) = ala(x) + (3Ja(x) + 'yKa(x). 

But Ia(x), Ja(x), Ka(x) are linearly independent and so a, (3, 7 depend only on a(Lx) 
and a{x) and not on g. 

The equality a\p = g\p implies similarly 

a(Ly) = ala(y) + (3Ja(y) + -/Ka(y) 

with the same a, (3, 7, which depend only on a(Lx) and a(x)). Thus this is true for each 
y £ span{x, Lx}^. 

Finally, since I? = — c.l, we have 

a(L 2 x) = —c.a(x) = —c.g(x) = g(L 2 x) = g(L)g(Lx) = ala(Lx) + (3Ja{Lx) + 'yKa(Lx). 

Thus a(Lz) = ala(z) + (3Ja(z) + jKa(z) for each z £ T p M. 

Hence for each L £ span{I, J, K} there exist a, (3, 7 such that a(L) = al + (3 J + jK. 
This means that a £ Sp(n)Sp(l). Therefore Hol(p) C Sp(n)Sp(l). 
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7) G = G 2 

Let a G Hol(p) and x,y £ T p M be linearly independent. Then P = span{x, y, <3?(x, y)} 
is a special subspace of minimal dimension. By Definition II .Ml and Lemma 14. II there exists 
g G G2 such that a|p = g|p. Since 5 G G2, y^) = 0. Hence 

o(*(x, y)) = y($(x, y)) = <S>(g{x),g{y)) = $(o(x),o(j)). 

By continuity, a( ( I ) (a;,y)) = $(a(ic), a(y)) also when x and y are linearly dependent. Thus 
a($) = i.e., a G G 2 . Therefore Hol(p) C G 2 . 

8) G = 5pin(7) 

In a similar way as in the previous case we see that Hol{p) C Spin(7). 

9) G = Spin{9) 

This case is similar to case 6). 

Let a G Hol(p) and I, J G span{/i, . . . , I9} be such that I 2 = —1, 7_L J. Let x G T p M 
satisfy Ix = x and y\ £ U (i.e., Jyi = yi, yi_l_x). Then P = span{x,yi, Jx, Jyi} is a 
special subspace of minimal dimension. By Definition 11.31 and Lemma 14.11 there exists 
g G Spin(9) such that a\p = g\p. Since g G Spin(9), g(I) = Y^=i K*Iu- Hence 

9 

a(Ix) = a(x) = g(x) = g(Ix) = g{I)g{x) = g(I)a(x) = X a I a a(x). 

a=l 

But I\a(x), . . . , Iga(x) are linearly independent. So Ai, . . . , Ag depend only on a{x) and 
not on g. 

The equality a\p = g\p implies similarly a(Iy%) = Yl a =i ^o^«a(yi) with the same 
Ai, . . . , Ag. Thus this is true for each yi G U. 
We have also 

9 

a(IJx) = —a{Jx) = —g{Jx) = g(IJx) = g{I)g{Jx) = g{I)a{Jx) = X a I Q a(Jx) 

a=l 

and similarly a(IJyi) = Y^ a =i KI a a(Jyi). 

Thus a{Iz) = Y^a=i^<xla a ( z ) f° r eacn z ^ T p M. Therefore a(I) = Ylte=i^ala, i-e., 
a(I) G span{I\, . . . ,Ig} for each / G span{I\, . . . , Ig}. Hence a G Spin(9), i.e., Hol{p) C 
Spin(9). 

This completes the proof of Theorem 11.41 
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